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A proposed satellite orbit determination system has been analyzed, one that uses measurements from a single-
channel global positioning system (GPS) receiver. The purpose of this study is to predict the likely ef� cacy of a
low-power autonomousorbit determination system. The system processes the pseudorange outputs of the receiver
using an extended Kalman � lter. The receiver cycles through different GPS satellites, tracking a new one every
75 s, to achieve observability and reasonable accuracy. The Kalman � lter uses a dynamic model of the spacecraft
orbit and of the receiver clock’s drift. Simulationresults predict that the system can achieve peak per-axis position
errors that range from 78 to 144 m when in low Earth orbit. The accuracy depends on the level of uncertainty in
the orbital dynamics model. The system can also operate in a geosynchronous orbit, but its peak per-axis error
degrades to 7 km if the � lter neglects solar and lunar gravity terms, and the geosynchronous receiver must use an
ovenized crystal oscillator as its clock.

I. Introduction

T HE global positioning system (GPS) offers an attractive alter-
native to ground-basedtracking systems for use in many Earth

satellite orbit determinationapplications.Many missions require an
accuracy on the order of 100–200 m. The current civilian version
of GPS can determine instantaneous position with an accuracy on
the order of 10 m when operating in stand-alonemode. This perfor-
mance is availablefor virtuallyall users up to an altitudeof 3200km.
These facts give rise to the possibility of performing autonomous
GPS-based satellite navigation for many Earth orbiting missions.
Such a system could yield signi� cant cost savings through the elim-
ination of ground-based tracking.

An impediment to the use of GPS on Earth-orbitingnanosatellites
is the electrical power that is required to run the receiver hardware.
Instantaneouspoint positioningrequires a receiverwith at least four
channels,1 and most modern terrestrial receivers have 10 or more
channels. Such receivers incorporate a general-purpose micropro-
cessor. The average solar power available to a 10£10£10 cm cubic
nanosatellite is about 1.5 W (Ref. 2). If one were to implement a
typical 10-channel GPS receiver using a currently available space-
quali� ed microprocessor, then the processor power requirements
would be on the order of 1 W. Unless the nanosatellite’s primary
mission were to � y a GPS receiver, this level of power consumption
would break the satellite’s power budget. The problem only gets
worse if one imagines making nanosatellites that are even smaller
than 10 cm on a side.

This paper’s concept exploits the fact that a savings in the rate of
computationcan be translatedinto a savings in electricalpower. The
electrical power required to operate a typical space-quali�ed pro-
cessor scales linearlywith clock speed, as does the computationrate
(private communicationfrom Bert Schmidt of Synova, Inc.). There-
fore, electricalpower scales linearly with computation rate if one is
willing to reduce the computer clock speed. Most space-quali�ed
microprocessors are fully static devices, which allow arbitrary re-
ductions in their clock speeds.

The goal of the present study is to analyze a GPS orbit deter-
mination system that requires much less computing power than a
typical multichannel receiver, as much as 90% less. This translates
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into a 90% savings in electrical power consumption. The method
of reducing the computation load is to scale the system back to
just one receiver channel. To achieve observability and allow the
determination of spacecraft position and velocity, the system will
have to switch its one channel to track different GPS satellites over
thecourseof time.Normallysuchanapproachwouldpresentserious
problems to a dynamic user vehicle. In the case of orbit determi-
nation, however, there is hope that such a system could be made to
work because there exist accurate models of orbital dynamics.

An added bene� t of the proposed system is that it could enable
near-term use of a real-time software GPS receiver for autonomous
orbit determination. The � rst real-time software receiver has been
successfully tested only recently.3 Software receivers offer bene� ts
such as design � exibility, recon�gurability, and a reduction in the
numberof special-purposechips thatareneededin the receiver.They
also require much more computing power in the system’s general-
purposemicroprocessor.Currently available space-quali�ed micro-
processors would be hard pressed to perform all of the functions of
a multichannel software receiver, but some of them would be capa-
ble of implementing a single-channelsoftware receiver because the
computing requirementsscale linearlywith the numberof channels.

This study considers a Kalman-� lter-based system and evaluates
its performance using a truth-model simulation. The Kalman � lter
estimates the satellite orbit from a time series of tracking data from
the single receiver channel. The investigationconsiders the follow-
ing aspects of performance: the accuracy in typical low Earth orbits
(LEO), the ability to converge from large initial errors, the required
level of receiver clock stability (which also impacts power), the ef-
fects of various changes of system con� guration, and the effects
of differing orbits, including geosynchronous Earth orbits (GEO).
The truth model includes the following error sources in its dynam-
ics andmeasurementmodels:higher-orderEarth gravity terms, solar
and lunargravity,solar radiationpressure,drag modelerror, receiver
clock drift, ionosphericdelay, carrierphasemultipath, receiver ther-
mal noise, and small GPS constellationephemeris and clock errors.

Numerous studies of GPS-based orbit determination have been
carried out (see, for example, Refs. 4–8). Some of these studies
have used actual � ight data.5;7 Simulation has been used as a way
to evaluate proposed system designs.6¡8 A number of these studies
have concentrated on high-end systems that achieve very precise
orbit determination accuracy (on the order of centimeters) through
the useof multichannel� ight receivers,carrierphasemeasurements,
and differentialcorrectionsfromground-basedreceivers.4;5 Systems
that employ a single onboard receiver have also been studied.6¡8

References 6 and 8 considered performance when the system does
not always simultaneously track the requiredminimum of four GPS
satellites; their consideration of high-altitude cases forced them to
consider this situation, as will be discussed later in this paper. The
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study of Ref. 7 envisions a low-power receiver, in the spirit of the
present study. Its accuracy is in the 100-m range, but it is not fully
autonomous,nor does it operate in real time. Instead, it requires that
a very sparse data set be telemetered to the ground for extensive
postprocessingto deduce orbit.

The present study makes several new contributionsto the � eld of
GPS-based orbit determination. First, it considers the performance
of a single-channelsystem for a range of Earth orbits varying from
LEO to GEO. Second, it explores whether the use of carrier phase
measurements offers any performanceimprovements for this stand-
alone system. Third, it makes an improvement in the mathematical
technique for shuf� ing the carrier phase ambiguity into and out of
the Kalman � lter statevectorat the beginningandendof the tracking
interval of a particular GPS satellite.

The remainder of this paper consists of three main sections
plus conclusions. Section II describes the hardware, software, and
Kalman � lter of the system that is being proposed. Section III
presents the truth-model simulation that has been used to evalu-
ate the system. Section IV presents the results of the simulation
study. Section V summarizes the paper’s developmentsand results.

II. Orbit Determination System Design
A. Hardware and Software Functions and Interactions

The proposed system consists of several interacting pieces of
hardware and software. The basic hardware components and their
interactions are shown in Fig. 1. The signal yL1.t/ is the GPS L1
signal, and yI F .t/ is a down-convertedversionof this signal that has
been bandpass � ltered, rescaled, and digitized.

The microprocessor must multitask a number of different soft-
ware processes.It uses threebroadcategoriesof software: the signal
acquisition, tracking, and data demodulationsoftware; the software
that schedules which satellite to track; and the orbit determination
Kalman � lter software.

The acquisition, tracking, and demodulation software operates
much like that of a normal receiver except for one signi� cant dif-
ference: The signal acquisition process is assumed to be aided by
the Kalman � lter. Aiding gives the acquisition a good estimate of a
signal’s Doppler shift, which reduces the required time to lock onto
a signal. The overall system’s success is dependent on its ability to
acquire and lock onto a signal quickly. Throughout this study, it has
been assumed that signal lock can be achieved in 30 s.

In LEO, there will normally be a number of satellites in view,
which is why it is necessary to have a schedulingmodule that picks
which satellite to track at any given time. A simple algorithm has
been used to accomplish this task. It uses three principal inputs.One
input is the rough ephemeris data for the entire GPS constellation,
which are located in an almanac that is resident in the micropro-
cessor’s memory. Another input is the Kalman � lter’s estimate of
the satellite position. The third input is the target nominal tracking
interval for a single satellite.

The trackingselectionalgorithmoperates as follows. It allows the
receiver to track a particular GPS satellite’s signal until the target
tracking duration has been achieved or until the signal’s signal-to-
noise ratio (SNR) becomes too low to maintain lock. It then cycles
through the list of satellite pseudo-randomnumber (PRN) codes in

Fig. 1 Block diagram of GPS orbit determination system’s hardware.

the order of ascending PRN identi� er (ID) numbers. It selects the
next available satellite that, according to the constellation almanac
and the estimated user spacecraft location, should be in view with
suf� ciently high SNR to allow tracking (¸37 dB Hz). This SNR
calculationtakes intoaccountthe gain patternof each GPS satellite’s
L1 antenna, occultation of the signal by the Earth, the gain pattern
of the user antenna, and an estimate of the user spacecraft attitude.
The list of PRN ID numbers is repeated cyclically in the scheduler.
After the visible GPS satellite with the highest PRN ID number has
been tracked, the algorithmstarts over again at the bottomof the list.
If the only visible satellite is the one that is already being tracked,
then the scheduling algorithm will reselect the currently tracked
satellite. In this case, the receiver will continue to track the current
satellite for longer than the target interval.

The Kalman � lter estimates the spacecraft’s positionand velocity
and corrections to the receiver clock. It operates on pseudorange
data, time data,and possiblycarrierphasedata.This data is provided
by the digital correlator.The � lter also needs to know the ephemeris
and the clock corrections for the tracked GPS satellite. These data
are providedby the demodulationsoftware,which decodes the GPS
signal’s navigationmessage. Each signalmust be tracked for at least
30 s so that the full navigation message can be decoded.

B. Kalman Filter Design
The Kalman � lter that is used in this system is a sampled-data

extended Kalman � lter that stores its state estimate and state error
covariance in the square-root information � lter (SRIF) format. The
SRIF for linear discrete-timesystems is described in Ref. 9, and an
extension to handle nonlinear sampled-data systems is described in
Ref. 10.

Two modi� cations of the basic � lter algorithm have been used
for the problem at hand. One allows it to append the carrier phase
ambiguity state for the tracked satellite onto the state vector at the
start of a tracking interval and to delete it from the state vector
at the end of the interval. The other modi� cation is to include the
option to use a nonlinear iteration in the measurementupdate to aid
convergence from large initial errors. Both of these modi� cations
are described later in this section.

1. State Vector and Dynamic Model
The � lter operates on a state vector, alternatively propagating

it between measurement sample times based on a dynamic model
and then updating it using the measured data in conjunction with a
measurement model. This � lter’s state vector is

x D

2

66664

r

v

±trcvr

± frcvr

N j

3

77775
(1)

where x is the 9 £ 1 state vector, r is the 3 £ 1 Cartesian position
vector of the user spacecraft in Earth-centered inertial coordinates
(ECI), v is the3 £ 1 Cartesianvelocityvectorof theuser spacecraftin
ECI coordinates,±trcvr is the receiverclockerror, ± frcvr is the receiver
frequencyerror expressedas a fractionof its nominal frequency,and
N j is the carrier phase ambiguity for GPS satellite j , which is the
currentlytrackedsatellite.The state vectorgets shortenedto an8 £ 1
vectorby deletionof N j whenever the receiver is not trackinga GPS
signal.

Before developing a dynamic model of the system, one needs to
know the relationship between the receiver clock’s time and true
GPS time, which is universal time plus a few leap seconds.Suppose
that t is the trueGPS time and that trcvr is the receiverclock’s estimate
of t . Then the relationshipbetween these two times and the receiver
clock error is

t D trcvr ¡ ±trcvr (2)

The � lter uses a nonlinear differential equation to model the sys-
tem’s dynamics. It numerically integrates this equation between
sample intervals to develop an equivalent nonlinear discrete-time
difference equation of the system. The differential equation model



PSIAKI 139

of this system is expressed using trcvr as its independent variable.
This is necessary because the system keeps track of events using
trcvr . If one uses the prime notation to denote differentiation with
respect to trcvr, then the system’s differential equation model is

r0 D v[1 ¡ .± frcvr C wt /] (3a)

v0 D [g.r/ C adrag.r; vI CD S=m/ C wv][1 ¡ .± frcvr C wt /] (3b)

.±trcvr/
0 D ± frcvr C wt (3c)

.± frcvr/
0 D w f (3d)

.N j /0 D 0 for any j (3e)

The function g.r/ is the gravitational acceleration, and the func-
tion adrag.r; vI CD S=m/ is the aerodynamic drag acceleration. The
parameters CD , S, and m are, respectively, the drag coef� cient,
the aerodynamic reference area, and the mass of the user space-
craft. The 3 £ 1 vector wv.t/ is a white-noise process disturbance;
it is the unmodeled component of the user spacecraft’s accelera-
tion. The � rst two equations model the user spacecraft’s point-mass
translational kinematics and its F D ma dynamics. The third and
fourthequationsmodel the receiverclock’s drift.11 The scalarswt .t/
and w f .t/ are white-noise process disturbances that drive the drift
model. The last equation indicates that the carrier phase ambiguity
is constant during a given tracking interval.

The white noise inputs are uncorrelatedwith each other, and their
statistics are given by

Efwv.t/g D 0; E
©
wv.t/wT

v .¿/
ª

D Qv ±.t ¡ ¿ / (4a)

Efwt .t/g D 0; Efwt .t/wt .¿/g D 0:5h0±.t ¡ ¿/ (4b)

E fw f .t/g D 0; E fw f .t/w f .¿ /g D 2¼ 2h¡2±.t ¡ ¿ / (4c)

where Qv is a 3 £ 3 positive de� nite matrix and h0 and h¡2 are
positive scalars that Ref. 11 uses to quantify oscillator stability.

The gravity model g.r/ only includesthe 1=krk2 central force and
the J2 oblateness effect. This simpli� cation reduces the computa-
tional load of the � lter, but it also impacts the � lter’s performance.
The philosophyof this design is to minimize the computationalload
while still maintaininga certain level of estimationaccuracy.As will
be seen in the results section, this modeling simpli� cation can be
tolerated in LEO, but it causes serious problems at higher altitudes,
when there are long data gaps during which no GPS satellites are
visible. A more accurate gravity model could improve the perfor-
mance in such cases, but no such model is considered for use in
this Kalman � lter because the goal is to design a relatively simple
estimation system.

The drag model adrag.r; vI CD S=m/ uses a logarithmic interpola-
tion of the 1976 U.S. Standard Atmosphere12 to derive density. It
computes the drag based on the assumption that the atmosphere is
at rest with respect to the Earth. An a priori modeled value is used
for the inverse ballistic coef� cient, CD S=m.

2. Measurement Model
Two types of position measurements are available from a typical

GPS receiver.One is pseudorange½ j . It is the distancefrom the user
spacecraft to tracked GPS spacecraft j as determined by the time
of � ight of the radio signal. The time of � ight is based both on the
receiverclock,which is inaccurate,and on the GPS satellite j clock,
which is very accurate.A mathematicalmodel for this measurement
is

½ j D
p

.r ¡ r j /T .r ¡ r j / C c±trcvr C n½ (5)

where r j is the position of GPS satellite j in ECI coordinatesat the
time that the signal left the satellite, c is the speed of light in vac-
uum, and n½ is the pseudorange measurement error. The vector r j

can be derived from the decodednavigationmessage. The measure-
ment error is composed of several constituents: ionospheric delay,
GPS satellite ephemeris and clock errors, and receiver-generated
noise.13 Multipath error, although signi� cant in terrestrial pseudo-
range measurements, is probably not a signi� cant error source for

spacecraft. The � lter assumes that the pseudorange measurement
error is a discrete-time white-noise process with zero mean and a
standard deviation of ¾½ .

The other available measurement is the phase of the carrier sig-
nal, Á j . If the phase is measured in cycles, then its mathematical
measurement model is

¸L1Á
j D

p
.r ¡ r j /T .r ¡ r j / C c±trcvr ¡ N j C nÁ (6)

where ¸L1 D 19:03 cm is the carrier wavelengthof the L1 signal and
nÁ is the carrier phase measurement error. The signi� cant com-
ponents of the carrier phase measurement error are ionospheric
phaseadvance,user-spacecraft-generated multipathre� ections,and
receiver-generatednoise. Similar to the pseudorange error, this er-
ror source is assumed to be a discrete-timewhite-noiseprocesswith
zero mean and a standarddeviationof ¾Á . This � lter assumes that n½

and nÁ are uncorrelated.Strictly speaking, this is not true; the iono-
spheric components of the two measurement errors are negatively
correlated with a correlation coef� cient of ¡1.

3. Comments About the Use of Carrier Phase Measurement
Note that the considerationof carrier phase measurements in this

study is unusual. Carrier phase is normally used only in precise or-
bit determination systems that often can track four or more GPS
satellites simultaneously and that use differential corrections from
ground-basedreceivers.4;14 The use of carrier phase for stand-alone
civiliansystemswas consideredto be pointlesswhen selectiveavail-
ability (SA) was in effect becauseSA dominatedboth ¾½ and ¾Á and
made them equivalent for long tracking intervals. Now that SA has
been turned off, ¾Á is likely to be much smaller than ¾½ (except
for the constant average of its ionospheric component, which can
be treated as part of N j ). This opens up the possibility that carrier
phase may improve the accuracy of a stand-alone civilian system.
For example, carrier phase may improve the velocity estimation
accuracy.

Two versionsof the � lterhavebeendevelopedto evaluatewhether
carrier phase measurements provide any bene� t. One version uses
carrier phase, as already described, and the other does not. This
second � lter provides a benchmark for assessing the bene� ts of
carrier data.

There are a few � ne points about how best to fold the carrier
phase ambiguity into and out of the state vector at the beginning
and end of a tracking interval. Reference 4 appends the ambiguity
to the state vector and initializes its variance to an arti� cially high
value. There is a more exact way to do this in the context of an
SRIF. The procedure of Ref. 4 is optimal in the limit as the initial
variance of the phase ambiguity approaches in� nity. Unfortunately,
in the context of a Kalman � lter that stores the state estimationerror
covariancematrix or its square root, it is not possibleto let the initial
phase ambiguity variance actually go to in� nity.

An SRIF allows one to exactly achieve an in� nite initial variance
for the carrier phase ambiguity.The SRIF simply appends N j to the
state vector and appendsa column of zeros to its a priori square root
state informationmatrix. This operation exactly achieves an in� nite
initial variance because an SRIF stores square roots of information
matrices instead of covariancematrices, and a covarianceof in� nity
corresponds to an information value of zero. The appended column
of zeros poses no problemto the SRIF because,after a measurement
update has been performed, the a posteriori square root information
matrix becomes nonsingular.

The SRIF design makes it slightlymore dif� cult to delete the am-
biguity at the end of a given satellite’s tracking interval. A standard
covariance representationcan simply delete the ambiguity from the
state vector while simultaneously deleting the corresponding rows
and columns from the state estimation error covariancematrix. The
SRIF algorithm must � rst isolate the phase ambiguity in its state
information equation. Suppose that the state information equation
takes the form

Rx D z ¡ n (7)

where R is the square root information matrix, z is a vector that
stores an equivalent of the current state estimate, and n is a zero-
mean, unit-variance, uncorrelated random error vector. Note that
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R¡1z is the state estimate and that R¡1.R¡1/T is the state estimation
error covariance matrix. Orthogonal factorization must be used to
isolate the phaseambiguity in the R matrix.This is accomplishedby
using a householder orthonormal transformation H to transform R
so that the last column of Rtr D HR, the column associatedwith N j ,
has zeros in all of its entries below the � rst row. If the vector z also
gets transformed, ztr D Hz, then the correct square root information
matrix after the deletionof N j is Rtr with its � rst row and last column
deleted, and the correspondingvector is ztr with its � rst row deleted.

Note that there are other possible ways to make use of carrier
phase data. For example, one could implement carrier smoothing
of the pseudorange measurements. The philosophy of this design
is to make optimal use of both the carrier phase measurements and
the � lter’s dynamic model. This is the same philosophyas has been
adopted in Ref. 4.

4. System Observability
The observability of this system has been checked. The observ-

ability analysis calculates the system’s observabilitygramian for a
linearizationof the dynamics and measurement equations about the
estimated state time history. The gramian has been calculated for
an observation vector that includes all of the carrier phase ambigu-
ities for all of the GPS satellites that get tracked during the interval
of interest. The gramian must be nonsingular for observability to
hold.15

The system has been found to be observable for representative
LEO cases.The gramianstartsout beingsingularbecausethe system
initially tracksonly one GPS spacecraft,but by the time it has locked
on to the fourth spacecraft, the gramian is clearly nonsingular.

5. Iterated Nonlinear Measurement Update
It is sometimes bene� cial to use a special form of the SRIF mea-

surementupdate that employsnonlinearleast-squaresmethods.This
procedureamountsto an SRIF implementationof what is commonly
known as an iterated extended Kalman � lter. Suppose that the a
priori state error information equation is QRx D Qz ¡ Qn. Then the so-
lution of the following nonlinear least-squaresproblem constitutes
the nonlinearmeasurementupdate, in which x is found to minimize

JL S D 0:5. QRx ¡ Qz/T . QRx ¡ Qz/

C
¡
1
¯

2¾ 2
½

¢£p
.r ¡ r j /T .r ¡ r j / C c±trcvr ¡ ½ j

¤2

C
¡
1
¯

2¾ 2
Á

¢£p
.r ¡ r j /T .r ¡ r j / C c±trcvr ¡ N j ¡ ¸L1Á

j
¤2

(8)

This nonlinear least-squaresproblem can be solved using an iter-
ative numerical optimization procedure such as the Gauss–Newton
method (see Ref. 16). As a point of reference, the standard, that is,
noniterated, measurement update of an extended Kalman � lter can
be viewed as being a single Gauss–Newton step starting from an
initial guess equal to the a priori state estimate.Two Gauss–Newton
steps are used in this paper’s iterated � lter, and the � rst step starts
from the a priori state estimate.

The iterated update uses an adaptive step size algorithm that
approximately minimizes the least-squares function along each
Gauss–Newton search direction (see Ref. 16). Adaptive step size
methods are known to improve convergence robustness in the gen-
eral � eld of nonlinear optimization.The same holds true in the case
of iterated extended Kalman � ltering. The improved ability to con-
verge can be signi� cant when the � lter starts with a poor initial state
estimate.

6. Filter Tuning
Proper tuning of the � lter is necessary to achieve reasonable ac-

curacy. The � lter gets tuned by selection of its initial a priori state
estimation error square-root information matrix and by selection of
its process and measurement noise intensities, Qv; h0; h¡2; ¾½ , and
¾Á .

The initial state estimation error variances,whose inverse square
roots are the diagonal elements of the initial square-root informa-
tion matrix, have been sized to re� ect the statistics of the actual
errors between the � lter’s initial state estimate and the initial state

of the truth model. This assumes that the user has a good idea of the
accuracy of the initial state estimate.

Similarly, the clockdrift intensitiesh0 and h¡2 havebeen selected
to be the same as are used in the truth model. This assumes that the
user has tested the receiver clock and characterized its stability by
selecting appropriate values of these two parameters.

The intensityof the accelerationprocess noise Qv has been sized
based on the expected level of the acceleration error in the � lter’s
models and based on the expected average time interval that the
receiver needs to have tracked four different GPS satellites. This
time interval has been chosen for the heuristic reason that four is
the minimum number of GPS signals needed for standard point po-
sitioning. This method of tuning effectively tells the � lter to wait
until it sees four GPS satellites before it decides to attribute a mea-
surement anomaly to the effects of unmodeled accelerations.

These considerations lead to the following method of picking
Qv . Suppose that the average interval for tracking a total of four
GPS satellites is 1t4 and that the expected level of acceleration
uncertaintyin the � lter model is aerr. Then the matrix Qv is set equal
to the identity matrix times the constant 0:25.aerr/

21t4 . In LEO, the
accelerationerrors are dominatedby uncertaintyin the Earth gravity
model, and the value aerr D 10¡4 m/s2 is a reasonable measure of
this uncertainty. If 1t4 D 300 s, then Qv D 7:5 £ 10¡7 £ I m2/s3.
In practice, values within a factor of three of this value have all
yielded fairly similar performancefor LEO cases. This tuning value
is reasonable for any orbit in the altitude range from 350 up to 3200
km.

For altitudes above 3200 km, the tuning becomes more dif� cult
because1t4 canbecomevery largedue to gaps in the coverageof the
GPS constellation.There do not seem to be any good rules of thumb
for such cases. Values on the order of Qv D 3 £ 10¡8 £ I m2/s3

have given the best results in GEO, and values on the order of
10¡7 £ I m2/s3 have worked reasonably well in highly elliptical
orbits that spend some time below 3200-kmaltitudeand much more
time above that altitude.

The last two tuning parameters are the measurement noise inten-
sities ¾½ and ¾Á . These quantities are tuned partly based on a priori
measurementerror estimatesand partlybasedon the receiver’s mea-
sured SNR and known tracking loop bandwidths. The receiver can
monitor theSNR of the 1000-Hzaccumulationsthat its digitalcorre-
lator chip produces,and it can use this SNR to predict the noise con-
tributions to the pseudorangeand carrier phase measurement errors.
These noise contributions are then root sum squared with a priori
measurement error standard deviations to produce ¾½ and ¾Á .

In the case of ¾½ , the largest contributor to its a priori component
is the anticipated ionospheric error. Estimates for this error range
from an rms value of about 3 or 4 m at a 350-km altitude down to
less than 1 m at a 1000-km altitude. In GEO, the rms ionospheric
error is likely to be large, perhaps as much as 10 m, because a
given GPS satellite is visible to the user satellite only when the line-
of-sight vector between them passes near the Earth and, therefore,
throughasigni� cantportionof the ionosphere.For an ellipticalorbit,
the expected ionospheric error component at its lowest altitude is
used to tune ¾½ . Note that the numbers quoted here come from an
approximate ionospheric model that will be described later in this
paper. These values assume that the receiver does not compensate
for ionospheric effects.

The a prioricomponentof¾Á hasbeensizedbasedon theexpected
levelsof carrierphasemultipatherror fromre� ectionsoff of the user
spacecraft. These have been sized conservatively at 0.010 m based
on information given in Ref. 17.

III. Truth-Model Simulation
for Use in Filter Evaluation

A. Philosophy of Truth-Model Filter Evaluation
The truth model generates data for use in evaluating the � lter. It

simulatesGPS trackingdata, the truth positionand velocitystatesof
the user spacecraft, and the truth states of the GPS receiver’s clock
error. Its dynamicsand measurementmodels incorporateeffectsthat
are not includedin the � lter. The � lter processesthe simulated track-
ing data and produces estimates of the position, velocity, and clock
error states. The � lter performance can be measured by comparison
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of these estimates to their truth-model counterparts.In addition, the
� lter’s tuning can be evaluated for rough consistencyby comparing
the statisticsof the actual errors to the predictederror variances that
the � lter computes in its normal course of operation.

B. Dynamics Truth Model
The truth dynamic model is like that given in Eqs. (3a–3e), but

with four differences: First, the gravity model includes a 30 £ 30
spherical harmonic expansion of the Earth’s gravity � eld and solar
and lunar point-mass effects. The coef� cients of the Earth gravity
model are those of NASA’s EGM 96 model.18 Second, an acceler-
ation due to solar radiation pressure is included. It produces accel-
erations on the order of 10¡7 m/s2 during orbit day. Third, the truth
drag model uses different values of .CD S/=m than are used by the
� lter. The � lter’s .CD S/=m values have errors that range from ¡40
to C67% of the truth-modelvalues. Fourth, the random white-noise
acceleration error in Eq. (3b), wv , is eliminated.

The dominant discrepancy between the truth orbital dynamics
model and the � lter’s orbital dynamics model is the difference in
their gravity � elds. This is true at all altitudes down to the lowest
altitudeof interest,350 km. In LEO orbits, the resultingacceleration
differencesare on the orderof 10¡4 m/s2 and are due to nonspherical
Earth effects. In GEO orbits, the differencesare mainly due to solar
and lunar gravity effects and are on the order of 10¡5 m/s2 .

The simulationuses a discrete-timerandomsequence from a ran-
dom number generator to simulate the effects of the process noise
terms that drive the receiver clock drift, wt and w f . Two differ-
ent clock stability truth models have been used in this study. One
has drift parameters representative of a temperature-compensated
crystal oscillator (TCXO): h0 D 2 £ 10¡19 s and h¡2 D 2 £ 10¡20 /s
(Ref. 11). Throughout the remainder of this paper, this clock model
is referred to as the TCXO. The drift parameters of the other model
roughlycorrespondto thoseof an ovenizedcrystaloscillator(OXO)
that is currentlyin use in a space-basedGPS receiver:h0 D 2 £ 10¡22

s and h¡2 D 6:1 £ 10¡22=s. This more stable receiver clock model
is referred to as the OXO throughout the remainder of this paper.

C. Measurement Truth Model
The simulation’s measurement model is based on Eqs. (5) and

(6). It uses the dynamic model’s truth values for r and ±trcvr in these
equations.The valueof N j is chosenarbitrarilyso that the measured
Á j D 0 at the start of a tracking interval. The complicated parts
of the measurement truth model lie in its calculation of the GPS
satellite position r j , the pseudorangeerror n½ , and the carrier phase
measurement error nÁ .

The truth-model simulation actually computes two values of the
GPS satellite position. One is the truth value that it uses in the
measurement equations, and the other is a reported value that it
sends to the receiver via its navigation message. The truth value of
r j is obtainedusing the Yuma almanac for week nine.19 The reported
valueis producedusingephemeridesthat are slightlyperturbedfrom
the truth ephemerides. These perturbations produce rms position
errors for the GPS satellites on the order of 3 m over a 12-h period,
which is consistent with experimentally obtained results.20

The simulated measurement errors are sums of several compo-
nents. One is a random component that is based on the SNR of the
received signal and on the receiver’s tracking loop bandwidth. The
bandwidths of the carrier and code tracking loops have both been
� xed at 1 Hz. The received SNR is computed by taking actual ex-
perimental data from a typical roof top patch antenna and scaling
it based on the differing distance from the user satellite to the GPS
satellite and based on the location of the user satellite in the GPS
satellite’s antennagain pattern.The user satellite’s antennagain pat-
tern also is considered, but only as a go/no-go criterion that checks
whether the GPS satellite is within the presumed 65-deg half-width
of the gain pattern’s conical � eld of view (FOV). The noise-induced
pseudorangemeasurementerrors are no more than 2 m rms in GEO,
and they get as low as 0.5 m rms in LEO. The noise component of
the carrier phase error is extremely low, ranging from 1 £ 10¡4 m
rms in LEO to 4 £ 10¡4 m rms in GEO.

Another component of the measurement error truth model is an
ionospheric model. This model is a modi� ed version of the iono-

spheric correctionmodel that is commonly used in single-frequency
receivers.21 It incorporates an altitude dependence of the electron
density that has a scale height of 120 km below 1000 km of altitude,
and a scale height of 2000 km above this altitude. The ionospheric
delay is computed from this model by integrating along the line of
sight from the user spacecraftto the trackedGPS satellite.This iono-
spheric delay is then multiplied by the speed of light. The resultant
distance is added to n½ to model the code delay and subtracted from
nÁ to model the carrier phase advance.

Another component of both measurement errors is the residual
clock error of the tracked GPS satellite. This has been modeled as
a second-orderpolynomial that varies slowly. The range equivalent
error can have a magnitudeas large as 4 m, and each satellite’s clock
error can vary by as much as 1.5 range-equivalentmeters in a day.

The � nal simulated measurement error is the carrier phase multi-
path error. This error is modeled as being a function of the orienta-
tion in user spacecraft coordinates of the line-of-sight vector to the
trackedGPS satellite.The attitudeof the user satellite is assumed to
be nadir pointing. The multipath error function is de� ned by a ran-
dom, but constant, spherical harmonic expansion of up to seventh
degree. Two different multipath models have been used. They both
have maximum carrier phase multipath errors of 0.01 m, which is
consistent with results reported in Ref. 17.

IV. Simulation-Based Performance
Evaluation of the System

A. Typical LEO Case
The followingexample is representativeof many LEO cases.The

spacecraft orbit has an apogee altitudeof 656 km, a perigee altitude
of 607 km, and an inclination of 58 deg. The receiver clock is the
TCXO. The Kalman � lter processesone measurementsample every
15 s. The receivernominally tracksone new GPS satelliteevery75 s.
The � rst 45 s of thisperiodare spent acquiringthe signal, and the last
30 s are spent tracking it, which yields three actual measurements
per satellite. If the SNR becomes too low to maintain lock before the
signal has been tracked for 30 s, then the data are discarded under
the assumption that the receiver may have failed to decode the full
navigation message. The Kalman � lter uses the carrier phase data,
but does not use the iterated measurement update.

Figure 2 shows the positionerror time historyfor this case broken
into its three components, along track (the solid curve), cross track
(the dash-dotted curve), and altitude (the dotted curve). The initial
position error is 15 km, and the initial velocity error is 17 m/s. As
shown in Fig. 2, the � lter quickly convergesfrom these initial errors
to reach an accuracyof better than 200 m in the � rst tenthof an hour.
This is the time that is required to � nish tracking four GPS satellite
signals and to start on the � fth. This rapid convergence illustrates
that the system’s observabilityhas mostly to do with how many GPS
satellites the receiver tracks in a given time period. The � lter takes
about one-half of an hour to settle into steady-state operation. The
peak steady-state errors for this case are 64-m along track, 128-m
acrosstrack,and72 m in altitude.The correspondingrms component
errors are 19, 42, and 23 m.

Fig. 2 Position error performance for typical LEO case.
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This represents a signi� cant performance degradation in com-
parison to a multichannel receiver. A benchmark simulation of a
12-channel receiver operating in point-solution mode has been run
for all cases that have been considered in this paper. In the case that
corresponds to Fig. 2, the point solution achieves peak position er-
rors of 5-m along track, 5-m across track, and 13 m in altitude. The
corresponding rms position errors are, respectively, 1.4, 1.7, and
3.5 m. Thus, the proposed system’s accuracy is about an order of
magnitude worse than that of the standard multichannelpoint solu-
tion. This level of performancedifferentialbetween the two systems
is typical of many LEO cases.

The proposed system would be useful for many missions despite
this degraded performance. Many spacecraft require orbit deter-
mination accuracy on the order of 100–200 m. This paper’s system
would serve the needs of such spacecraftat a reduced level of power
consumption.

The present system compares favorably with the microGPS re-
ceiver of Ref. 7. The position accuracies of the two systems are
similar, but the time transfer accuracyof the present system is much
better, on the order of 10¡6 s vs 0.05 s for the microGPS system.

The positionerrors for this case have been compared to the � lter’s
predicted standard deviations for these quantities. On average, the
statistics of the along-trackand altitude errors agree fairly well with
the � lter’s modeled statistics, but the RMS cross-track error is al-
most three times larger than its predictedvalue.Although obviously
suboptimal, this is a tolerable level of statistical mismatch, which is
why the � lter performs reasonably well.

The operationof the tracking sequencer for this case is illustrated
by Fig. 3, which plots the PRN ID numbersof the trackedGPS satel-
lites for the � rst 1.5 h of the � ltering run. Each stair step on the plot
corresponds to a tracking interval. There are approximately48 stair
steps per hour, consistentwith the nominal schedule of 75 s/tracked
satellite. Note that the PRN ID sequence follows a cyclical pattern:
The numbers increase monotonically for subsequence lengths of
between 2 and 6 tracking intervals until they approach the highest
available PRN ID number, 31. Then the sequence drops down to a
low PRN ID number to start a newcycle.Two importantpointsto no-
tice are the lack of data gaps and that most of the adjacentgroups of
four ID numbers correspond to four different GPS satellites. These
two characteristicsare important to achievinggood observabilityof
the system and, therefore, good accuracy. These characteristicsare
typical for LEO.

B. Convergence from Large Initial Position Errors
Some caseshavebeen run to test theabilityof the � lter to converge

from large initial position and velocity errors. In all of these cases,
the truth orbit has an apogee altitude of 707 km, a perigee altitude
of 366 km, and an inclination of 110 deg, but the � lter’s a priori
state estimate starts at an altitude of 1000 km and with roughly the
correct velocity to remain in a circular orbit at this higher altitude.
In other respects these cases are similar to the example LEO case
associated with Figs. 2 and 3.

Fig. 3 Sequence of PRN ID numbers of tracked GPS satellites for
typical LEO case.

Fig. 4 Performance of two extended Kalman� lters when starting from
very large initial errors; one uses an iterated measurement update, and
the other uses the standard update.

Fig. 5 Position error time histories (top plot) and associated sequence
of tracked PRN ID numbers (bottomplot) for highlyelliptical case whose
apogee altitude is 18,107 km.

Figure 4 shows the initial performanceof two different � lters that
operate on the same measurement data for one of these cases. The
dash–dotted curve is for a � lter that uses a standard measurement
update,and the solid curve is for the iteratedextendedKalman � lter.
The iterated � lter converges in less than one-half of an hour, but the
standard � lter diverges after 6 min. of operation. Other cases have
been tried with this same large initial estimation error. The iterated
� lter convergesrapidly in every case, but the standard � lter diverges
in three out of four cases. Therefore, it is clear that the iterated
� lter is far superior in terms of convergencerobustness.The ability
to converge from a 300-km initial position error indicates that the
iterated � lter has a reasonable level of robustness and that it can be
used safely in autonomous applications.

C. Performance as a Function of Orbit
A numberof orbital inclinations,eccentricities,andaltitudeshave

been investigated.The only orbital parameter that has a signi� cant
impact on system performance is altitude. The dominant altitude
impact comes if the orbit extends above the altitude 3200 km, at
which point there start to be long gaps when there are no GPS
signals available because the user spacecraft passes outside of the
primary gain pattern of the GPS satellites’ broadcast antennas.

The � lter has been tested on highly elliptical cases and on GEO
cases to � nd out how it will perform when there are long data gaps.
The performance degrades signi� cantly in both of these situations.
Figure 5 plots the position error component time histories for a
highly elliptical case. Its perigee altitude is 1007 km, its apogee al-
titude is 18,107 km, and its inclination is 75 deg. The position error
components are plotted on the top plot, and the sequenceof tracked
PRN ID numbers is plotted on the bottom plot. These results are for
an iterated � lter that uses both the carrier phase and pseudorange
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measurements, and the receiver is assumed to use the TCXO oscil-
lator. The � lter’s initial position and velocity errors for this case are
2 km and 0.7 m/s, respectively.

As is evident from Fig. 5, the performance for this case is signif-
icantly degraded. Notice that the vertical axis scale of the top plot
is in kilometers rather than in meters. Even if one neglects the � rst
orbit to allow for settling, the peakpositionerrors are on the orderof
a kilometer,which is worse than the LEO performanceby a factorof
10. It is evident from a comparison of the top and bottom plots that
the large peak errors are caused by the long data gaps that occurnear
orbit apogee.The positionerrors on the top plot tend to divergedur-
ing the times when the bottom plot shows long gaps in the record of
the tracked PRN ID numbers. During the low-altitude portions of
the orbit, however, the accuracy of this case is comparable to that
of the LEO cases.

The system performance is even further degraded in GEO. The
best GEO results that have been achieved exhibit peak errors on the
orderof 7 km. The OXO had to be used for the receiver’s oscillatorto
achieve even this poor level of performance;the � lter has a tendency
to diverge if the TCXO is used in GEO. The poorer GEO perfor-
mance is the result of the very long data gaps that occur regularly
at these high altitudes. The average time that is required to see four
differentGPS signals is on the order of 4 h. It is dif� cult to improve
the GEO performance by going to a multichannel receiver because
there are very few times when more than one GPS satellite signal
is available with suf� cient strength to be tracked by a conventional
receiver.22

Note that the GEO case is the only one for which a large perfor-
mance improvement has been realized through use of the OXO as
the receiver clock. The LEO cases and the elliptical case show only
moderate improvements from using the OXO.

A secondary altitude effect is present for LEO cases. For alti-
tudes below 3200 km, there is a slight degradation in accuracy with
a decrease in altitude. For example, a case with a perigee altitude
of 985 km and an apogee altitude of 1007 km experienced a peak
altitude error of 100 m. The peak altitude error increased to 144 m
when the perigeeand apogeealtitudesdecreasedto 357 and 375 km,
respectively. This modest performance degradation with decreases
in altitude is probably the result of errors in the � lter’s orbital dy-
namics model. The model neglects Earth gravity terms above J2,
and the strength of these terms increases as altitude decreases.

D. Effect of Inaccuracy in the Filter’s Orbital Dynamics Model
An improvement in the accuracy of the � lter’s dynamics model

can signi� cantly improve its performance. This has been demon-
strated by tests in which the dynamic modeling mismatch between
the truth model and the � lter has been reducedto about10¡7 m/s2 . In
GEO this reduces the peak steady-stateposition error from 7 km to
about 400 m. The peak errors are reduced from about 100 to about
20 m in LEO. To achieve these improvements in the LEO cases,
one would have to add a signi� cant number of terms to the � lter’s
spherical harmonic expansion of the Earth’s gravitational � eld. In
GEO one would have to include solar and lunar gravity models.

These approaches run counter to this system’s philosophy of re-
ducing computational load. If one needs more accuracy in LEO,
then perhaps one should go to a multichannel receiver. In GEO,
however, a conventionalmultichannel receiver will not be of much
help, and one may be forced to make the requisite improvements in
the dynamics model.

E. Usefulness of Carrier Phase Measurements
This study has considered whether the use of carrier phase mea-

surements in the Kalman � lter improves this system’s performance.
The answer is de� nitely not. The use of carrier phase data has not
yielded consistent accuracy improvements in the cases that have
been considered. In fact, the � lter that does not use carrier phase
sometimes performs better than the one that uses it.

F. Dependence of Performance on Miscellaneous
Filter/Receiver Properties

There are additional system design parameters that affect accu-
racy.The use of longer tracking intervals for individualGPS signals

leads to a degradation of accuracy in LEO cases. For example, if
one uses 300 s per tracked signal as opposed to this study’s nominal
value of 75 s, then the LEO accuracy degrades by a factor of about
two to yield peak per-axis errors on the order of 230 m and per-axis
rms errors on the order of 60–70 m. This suggests that it would be a
good idea to shorten the nominal tracking interval to something less
than75 s. Unfortunately,there is a limit to how much one canshorten
this interval due to the need to allow adequate time for acquisition
and due to the need to decode the 30-s navigation message.

There is some evidence that use of a shorter sample interval, 5 s
as opposed to 15 s, may slightly improve performance.This change
also triples the computational cost of the � lter. The possibility of
modest improvements is probably not worth the cost of switching
to the shorter sampling period.

G. Computational Burden of Kalman Filter
In most cases considered, the Kalman � lter requires an average

computation rate of less than 3000 � oating point operations per
second (FLOPS). This value encompassesall propagationand mea-
surement update operations, including numerical integration of the
equations of motion. It corresponds to a 15-s measurement sample
period with a single fourth/� fth-order Runge–Kutta numerical inte-
gration step per sample interval. If carrier phase measurements are
not used, then the computationalcost gets reducedby 5–10%. If the
iterated nonlinear measurement update is used, then the computa-
tional cost increases by about 10% and may be slightly more than
3000 FLOPS. If the sample interval gets reduced, then the compu-
tational cost increases in inverse proportion to the interval’s length.
Note that the 3000-FLOPS value does not include the cost of the
calculation of GPS satellite locations from the ephemeris data.

Use of this system will provide tremendous savings in terms of
computationalcost.The 3000-FLOPS value is probablyless than the
cost of runningthe 1000-Hzsignal trackingloop for a singlechannel
of a normal receiver.Thus, if one reducesfroma 10-channelreceiver
to a single-channel receiver, then the savings in carrier tracking
alone will be on the order of 80% or more even after one accounts
for the added cost of running the Kalman � lter. Furthermore, the
reduction from 10 channels to 1 channel implies that most other
computations,such as the calculationof GPS satellite locations,will
be reduced by a factor of 10. Thus, the present system is expected
to save more than 80% of the total computationalload. This savings
will allow the use of a much slower clock speed for the receiver’s
microprocessor, which will translate proportionally into reduced
power consumption.

V. Summary
A new system has been proposed for performing autonomous

orbit determination for Earth-orbiting spacecraft. It consists of a
single-channelGPS receiver coupled to an extended Kalman � lter.
The receiver tracks a different GPS satellite once every 75 s and
sends pseudorange measurements to the Kalman � lter along with
the locationof the trackedGPS satellite.The Kalman � lterprocesses
these measurements sequentially to estimate the user spacecraft’s
position and velocity along with the receiver clock’s offset and drift
rate. The Kalman � lter relies on dynamic models of the orbital
motion and of the receiver clock drift to propagate its estimates
between samples. The � lter uses a simple gravity model in its orbit
propagation, one that includes only the 1=r 2 and J2 terms. One
version of the � lter uses an iterated nonlinear measurement update
to increase its domain of convergence.

The motivation for examining this system has been to try to de-
velop a low-power solution to the autonomous orbit determination
problem.A single-channelreceivercan use a slower microprocessor
clock speed, which reduces its power consumption proportionally.

This system has been evaluated using a simulation study. The re-
sults are as follows: In LEO the system can operate successfullyus-
ing a low-power temperature-compensated crystal oscillator for its
receiverclock.The iteratedversionof the � lter can reliablyconverge
from initial positionerrors as large as 300 km. Peak steady-stateper-
axis position errors ranging from 78 to 144 m can be achieved in
LEO. At geosynchronous altitudes, the system works poorly even
when it incorporatesan ovenizedcrystal oscillator. Its peak per-axis
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position error can be as large as 7 km in this case. This poor per-
formance is caused by two factors: the limited availabilityof strong
GPS signals at geosynchronousaltitudes and the � lter’s neglect of
solar and lunar gravity terms in its orbital dynamics model.
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